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. :. ..On; t h e  bas i s .  o f  c e r t a i n  fo rmulas  r e c e n t l y  e s t a b l i s h e d  by 
L. :Prandt l  f o r :  t h e  t u r b u l e n t  ' i n t e r c h a n g e  o f  momentum i n  e ta - :  
t i o n a r y  f l o w s  ( r e f e r e n c e  1); v a r i o u s  e a s e s  o f  " f r e e  . tu rbu- :  . 
l e n c e "  - t h a t  is, o f  f l ows  wi thout  boundary wal1.s - a r e  t r e a t e d  
i n  t h e  p r e s e n t  r e p o r t .  P r a n d t l  p u t s  t h e  a p p a r e n t  s h e a r i n g  

. s t r e s s  i n t r o d u c e d '  b r .  t h e  t u r b u l e n t  momentum i n t e r c h a n g e  

where 

u . a v e r a g e  ve l 'oa i fy  i n  I 'i d i - r e e t i o n  

Y c o o r d i n a t e  a t  r i g h t  a n g l e  t o  x 
. .  . ., 1 _ '  , . 

2 mixing  l e n g t h  

T h e  u n d e r l y i n g  r e a s o n i n g  i s  as  f o l l o w s :  The f l u i d  b o d i e s  en- 
t e r i n g  r i g h t  and l e f t  t h r 0 u g h . a  f l u i d  l a y e r  with t h e  t ime  av- 
e r a g e  v a l u e  of  t h e  v e l o c i t y  u ,  . a t  t u r b u l e n c e ,  have t h e  ave r -  

age  v e l o c i t y  u + Z - du o r  u .- Z -, du w h i l e  t h e  t r a n s v e r s e l y  
. . dy .: dY 

d , i r e c t e d  mixing . v e l o c i t y  i s  , d i s c o u n t i n g  a c o n s t a n t  o f  
p r o p o r t i o n a l i t y  i n c l u d e d  in t h e  more or l e s s  a c c u r a t e l y  known 
t o f  formula  (1); z , i e  no  c o n s t a n t  - % t : a , , w a l l  Z = 0 .  
The p r e v i o u s l y  c i t e d  r e p o r t  by ' P r a n d t l  ( r e f e r e n c e  1) c o n t a i n s  
a l u c i d  founda t ion  f o r  formula (1). 

The p r e s e n t  r e p o r t  d e a l s  f i r s t  w i t h  t h e  mixing o f  a n  a i r  
s t r eam o f  un i form v e l o c i t y  wi th  t h e  a d j a c e n t  s t i l l  a i r ,  t h e n  

* 
R e p r  i n t 

from Z e i t s c h r i f t  f C r  angewandte Mathematik und Mechanik, Y o l .  
6 ,  19.26 e. .PP. :1712. 
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2 
: .! . ' . : i.. ;-- .1'.., < . 

w i t h  t h e  expans ion  or d i f f u s i o n  .of 'an air j e t  i n  t h e  surround-  
ing air s p a c e .  q q e r i e n c e  i n d i c a t e s  t h a t .  . .  t h e  wid th  o f  t h e  
mixing zone i n c r e a s e e ' l i n e a r l y  w i t h  x ,  ' i f  x i s  t h e  d i s -  
t a n c e  f r o m  t h e  p o i n t  where t h e  m i x i n g , s t a r t s .  T h i s  fac t  i s  
t a k e n  i n t  o ;accqunt- by 1t-h.e. :f.prxht+ 

The c o n s t a n t  of  p r o p o r t i o n a l i t y  c can a s  y e t  be de te rmined  
on ly  by comparls'on w i t h  e x p e r i e n c e ;  i t  i s  t h e  o n l y  e m p i r i c a l  
c o n s t a n t  o f  t h e  t h e o r y .  I n  many i n s t a n c e 6  i t  w i l l  be expedi -  
e n t  t o  i n t r o d u c e  71 = y / x  a s  a second c o o r d i n a t e .  

1. M I X I N G  OF HOMOGEBEOTJS A I R  STREAM WITH THE 

ADJACENT STILL AIR 

(Two-dimeneional problem of  t h e  f r e e  j e t  boundary) 

By r e a s o n  o f  t h e  l i m i t i n g  . c o n d i t i o n s  for t h e  a v e r a g e  ve- 
l o c i t y  t h e  formula  i s  p r e f e r a b l y  expres sed  w i t h  

Then t h e  s t ream'  f u n c t i o n  i e .  

\ L -  - f f ( 9 d Y  

Q u a n t i t y  T i s  p u t  a c c o r d i n g  t o  formulas  ( 1 )  and ( 2 )  . .  

. . .  
. .  

( 4 )  

The f o l l o v i n g  b o u n d a r y . c o n d i t i o n s  e x i s t :  A t  t h e ' f i r s t  
boundary TI1 (homogeneous a i r  s t r e a m ) ,  u = c o n s t a n t  or by 
i n t r o d u c t f o n  o f  a s u i t a b l e  s c a l e  u = 1 ;  t h a t  i e ,  

. 



3 

*.e 

( 5 )  . . .  . . .  
*.; PCtTjJ' = '1 . .  

. . '&'. :* : 

:I '.. 
. . . . .  . . . .  .' I . . . . .  

? .  

. . . . .  . . . . . .  ... ... (. ," ,. .! c . .  
, ' ?  : 

. . .  . .  , : 

.. . - . e ,  . . ' ; :,, ' > ?  . . . . .  
* . . . I  

~ =_.., furthe.,rIpor.,e. ............. ; .. ..;..!.:.$. -::.A.:..:~A.. :.-:. . .  .I . . . .  -..: . . . -  . . . . . .  .. .,. .. : +  . .  1: . a ? ;  ?J !< -9 , - 1' 

I * . ;:,: ' 

. .  . . . . . . .  . ...... :. .* . . . .  . . . . .  . .  . .  - :  . i ;  .. . (.. . .  
, . f  . 

!. 2 : L. . z .-.. q := ..? . 
. I ;  . . . . . .  

;; ; J . ,& . ! I... . .  * .  
. .  . ( . .  

a c o n d i t i o ~ . b y . , w h i d h  "tGe'..continu'-ous c o n n e c t i o n  i s  s e c u r e d  - 
t h a t  i s ,  

t h a t  i s ,  

a t  t h e  second boundary 'f)2 ( s t i l l  a i r )  must 'be u = '0; 
t h a t  i s ,  

. ,. , *. . * - .  ... 

and ,  t o  a s s u r a , q g n t i n u o u s  c o n n e c t i o n  !&' = : . O ;  'tkiat. i s ,  . . . . . . . .  . .  an:. 
. e .  

. .  
.... , I I . '  . I .  . 9 .  

. :  . . *  . . . .  
F 1 ' ( T 2 )  = 0 (9) 

. .  . ~ . , . ~  ,:,. . .  L r . :  - r;;.;:,,<*r':j .<;r;.s.!J+ 
J . ' c  

s i n c e  t h e  p r e s s u r e ,  i n  first a p p r o x i m a t i o n ,  can be 
assumed t o  be c o n s t a n t ,  tba e-quat ion o f  motion reads . . . . .  ' 1.. : ; + : r = . ,  , . .  . . 1 .  ,"E . . .  

- .  - . .  
Count ing  y and Tl from t h e  s t i l l  toward t h e  moving a i r ,  
g i v e 8 ,  a f t e r  i n t r o d u c t i o n  of t h e  fo rmulas* ,  t h e  e q u a t i o n  of . *  

motion: 

~. ~~ ~ 

* I t  i s  r e a d i l y  a p p a r e n t  a t  t h i s  p o i n t ,  t h a t  t h e  fo rmula  
u = f(V), n e c e s s a r i l y  r e q u i r e s  an  t p r o p o r t i o n a l  t o  x .  
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which i s  s o l v e d  by F* = 0 o r  F + 2ca F a t  = 0. I t  a f f o r d s  
uni form v e l o c i t y  i n  t h e  one c a s e ,  v a r i a b l e  v e l o c i t y  i n  t h e  
o t h e r .  The l a t t e r  s o l u t i o n  obviously a p p l i e s  bettreon T l x  * 

and qa, t h e  f o r m e r ,  o u t s i d e  of t h e s e  l i m i t e .  I n  t h e  bound- 
ary p o i n t s  t h e  e o l u t i o n e  coincide w i t h  d i s c o n t i n u i t y  in 
In o r d e r  t o  d e t e r m i n e  t h e  v e l o c i t y  d i a t r i b u t i o n  i n  t h e  mixing 
zone, t h e  d i f f e r e n t i a l .  gquat ion  o f  t h e  t h i r d  oz'der 

fa. 

must be s o l v e d .  For t h e  t,im.e b.sing, a new s c a l e  f o r  m i s  ' 

a d v i s a b l e ,  so t h a t  formula  (11) s i m p l i f i e s  t o  

The r e s u l t  t h e n  i s  

. . ^  . .  . * *  

The f i y a  'boundary c o n d i t i o n s  ' de f ine  t h e  c o n s t a n t s  o f  i n t e g r a -  
t i o n  c l r  c,, c 3 ,  a n d ,  i n  a d d i t i o n ,  t h e  s t i l l  unknown bound- 
a r y  p o i n t s  nl and ns themselvee.. 

The calculation is suitably-arranged as follows: Put . 

so  t h a t  

I . 
The boundary c o n d i t i o n e  a r e :  

. .._ . 
i .  
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From (-12a to . : c . ) ,  d , ,  da ,  and d, . can be 1 i n e a r l y . e f p r e e s e d  
in 
(12e )  f i n a l l y  g i v e e  a transcrhdentai-'Squation f o r  
a b l e  by s u c c e s s i v e  -approximation:  I t  ' f o l l o w e ' t h a t  

. .- ml., :.dsuatios-(.1242~..~ie.l.dri . .  -_. ..>& ' . .  v-l,,.- expressed  . . . . . . . . . . . . .  by _. ... ; j?!.s:, :an4;.*.  . mi, s o l v -  

_ .  . . .  . .  - 
tla = -3 .02,  s 0.9819 lla = -2.04, d, = -0 .0062 ,  

. . .  . . .  . ..... ,., . .  . . . . .  _" . .  
a, = 0 . 9 8 7 ,  a, = : 0 . 5 7 7 : *  

' 3  

. .  . .  

With t h i s  F and PI a r e . d e f i n e d  as f u n c t i o n  of ?). For 
comparison w i t h  e x p e r i e n c e ,  t h e  o r i g i n a l  clcale must be used  - 
t h a t  is, t h e  reduced TI, employed t h u s  f a r ,  must be m u l t i -  
p l i e d  by -, and t h e  reduced 3" by U, t h e  v e l o c i t y  o f  
t h e  homogeneous a i r  s t ream.  . T h e  cu rvee  o f  t h e  v e l o c i t i e s  and 
o f  t h e  s t r e a m l i n e s  a r e  g iven  i n  t h e  t a b l e  and in f i g u r e s  2 t o  
4 .  The s t r e a m l i n e s  a r e  p l o t t e d  f o r  e q u i d i a t a n t  v a l u e s  o f  t h e  
s t ream f u n c t i o n .  The s t r e a m l i n e  emanat ing from x = 0 is a 
e t r a i g h t  l i n e  w i t h  a n g l e  o f  i n c l i n a t i o n  

For compar1son.a Gii t t ingen measurement ( r e f e r e n c e  2) of t h e ,  
dynamic p r e s s u r e  d i s t r i b u t i o n  w i t h  an au tomat i c  p r e s s u r e  r e -  
c o r d e r  a t  t h e  edge of t h e  n o z z l e  o f  t h e  b i g  t u n n e l  was em- 
p loyed .  The d i s t a n c e  f r o m  t h e  n o z z l e  edge was 112 centime; 
t e r s e  the dynamic bressure o f  the u n d i s t u r b e d  j e t  q = 56 
k i l o g r a m s  per gquare meter .  I t  can  be preeumed t h a t  t h e  a a -  
sumpt ions  o f  t h e  two-dimensional problem hold  ,good f o r  t h e  
s F z e  .of t h e  n o z r l e .  1 n : f i g u r e  5 t h e  c a l c u l a t e d  dynamic p r e r -  
s u r e  i s  shown as a dashed l i n e  ove r  t h e  measured dynamic 

f r o m  t h e  conve r s ion  f a c t o r  f o r  q, which i s  $d r'0.0845. 
!Dhe !w,idth o f  t h e  mixing':rone is 

p r e s s u r e .  The unknown c o n s t a n t  of p r o p o r t i o n a l i t  f o l l o w e  

b = X 3 . 0 2 ~ =  0.0845 X 3.02.x= 0 . 2 5 5 ~  
. . .  . :: <. * 

. . . . .  . . . . .  , .. * . , : ! .  : ' .  
.. . . . . . . . . . .  . . . . . . . .  ... . - , . , .  . . . . .  ., 

g i v i n g  a . 'mixing,  lengt 'h,  o f '  ;.f... ..: . .  

. . . . .  . . . .  2 = O..Ol.74.x = 0.0682 b ' 

. . . .  a .  . . . . .  :\ 

. .  ..: : . ;. : .. :j .. '. . . . . . .  
d . .  . .  ' 

. .  
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The r e l a t i v e  sma:l.ZmdsFs cbdf. 1 i s  unusua.1. . The agreement  be-: ' 

tween the t b e o r e t i o q I ,  .aqd t h e  ,meassured a v e r a g e  v e l o c i t y  d i s -  ..: 
. .  . .  . .. . . .  t r i t m t  i on i 8 . v e r y  . .;,. &op I :?I.: .;. 9 , . i  

. .  '. . ~ ' ~ C C : : . ' t  - :  * .  . . i  . 
2. JZT 3XPABSION AS 9WO-DIMENSIOBAL PROBLEM 

. , ' .  -, I .. . , . 

V i s u a l i z e  a wal l  w i th  a narrow s l o t ,  which f o r  t h e  s tudy 
may be r e g a r d e d  a s  b e i n g  l i n e a r . ,  t h rough  which a j e t  of air 
i s  d i s c h a r g e d  and mixes with t h e  s u r r o u n d i n g  s t i l l  a i r .  As- 
suming, for t h e  f i r s t ,  t ha t  t h e  p r e s s u r e  i n  t h e  j e t  i s  t h e  
same .as o u t s i d e ,  t h e  a p p l i a ' a t i o n  of t h e  momentum theorem af-  
f o r d s  a ready e e p a r a t i o n  of  t h e  v a r i a ' b l e s  - t h a t  is, . ' .z '  and 
q. By r e a s o n  o f  t h e  cons tan t .  p ressure  t h e  momentum in 'I 
d i r e c t i o n  must be . .  

ua d.y = c o n s t a n t  
-m r 

P u t t i n g  , u  = op(x) f(q) r e s u l t s  i n  

Conseq.uently .cp(x) = - 1 
6 

. .  . 
. .  

The e q u a t i o n  o f  m o t i o n  can be s e t  up a g a i n ,  which now, 
however, can be immedia te ly  i n t e g r a t e d  once.  T h i s  i n t e rme-  
d i a t e  i n t e g r a l  can e q u a l l y  be o b t a i n e d  d i r e c t  f r o m  t h e  momen-. 
turn theorem. By marking o f f  a c o n t r o l  s u r f a c e  conforming t o  
f i g u r e  6 , tho  impulse  e n t e r i n g  th rough  t h e  lower  boundary i e  
p u v ,  w h i l e  on t h e  o t h e r  s i d e  t h e  impulse  v a r i s t i o n  
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. . .  
i . - a  . * e .  . ' . f  ,.. . .  . .  . , . \  . . . .  , .  * 

. . .  . I * . .  Y .  . '  
. . .  .. i . . .  . .  . .  . -  : .  . . . . .  _ .  - . . .  - . .  

p 2 f ua dy ' occur? .  "The t u r b u l e n t  ' shea r ing . . a t r e ' s ' s  . :. i 
ax. 

> t  f 
. .  r ,  .. * . r . . '1 . . . .  . .  . . .  O D .  

d . I :c  L .  
' 

a c t s  as  o u t s i d e  f o r c e ,  hence t h e  r e l a t i o n  e x i s t s  
Y 

" _  a3 .. ...... . . .  . .  . . . .  : 3. . 
I .  ! 

Fk.oi  t h i ' s  f o l l o w s .  t h e  equat i .on f o r  F( ' l l ) :  

i i' L :. 
2c2 Fila = F F t  ( 1 4 )  .. . .  .... . . .  I ' * ; :: .; ?! ,, ,. $ 

1. ._ 
a: ;: ?,. ' 

( v a l i d  for p o s i t i v e  'I), r e f l e c t e d  v e l o c i t y  d i s t r i b u t i o n  f o r  
n e g a t i v e  VI. With a s u i t a b l e ' . s c a , l e  f o r  Ti  t h e  d i f f e r e n t i a l  
e q u a t i o n  i s  s i m p l i f i e d  t o  

.. I ' 1  
The o r d e r  o f ' i h i s  d i f f e r e f i t i s S  Bouat ion 'can be lowered by i n -  
t r o d u c i n g  e = I n  F; t h a t  is,'.. * = e r  ae new dependent 

, v a r i a b l e .  Then, (zit + z B 2 ) a  = 1;' whence, a f t e r  p u t t i n g  
z!.:,.= 2 ,  ; f i n a l I . y . f o l l o w s  : the  d i f f e r e n t i a l  equation o f  t h a  : 

. e  .. . . %  . . . . . . . .  . . .  . , a,.. . . . . . .  .-. . 
_, . - f i r  atr: qrder:i .. : , (. -::I., ; .  

r * r  . ., . .-* ?I .3 : ! . .  a !. * . . . '  : ! :  
, ' e . .  . .  . I  2 '  A g  ,-JZ 

.* .-. . . .  
The s o l u t i o n  o f  t h e  o r i g i n a l  e q u a t i o n  t h e n  r e q u i r e s  on ly  
s q u a r i n g  and removal o f  t h e  1ogar . i thms.  

( c e n t e r  o f  j e t ) ,  v = 0 - t h a t  l e ,  F =:eg = 0. S ince  
u ,- PI'= e t e a  i s  n o t  t o  d i s a p p e a r  f o r  T) = 0,  Z I  must be 
of  t h e  game  ord.er, of. - .m .fa.' ,v. =, 0 . .  as. e g . ,  . . is o f l  0 .  . ff$xnce, 
f o r  '= 0 by - s u i t a b l e  s c a l e  d e t e r m i n a t i o n ,  

, ? I  
.I, :.: 0 . .  , - .  . 

The . fo l lowing  c o n d i t i . o n s  must be e a t i a f i e d :  $ o r -  7) = 0 

. 4 * *  ; :, ". : ! .?': : .. i. : : . : .' I : :.,:.! . !  t : . .  r . . .  . .  .:. : . . .  

F z O  ( 1 % )  

F' = 1 (15b)  
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Thus t h e r e  a r e  affoyrded t w o  a o . n d i t i o n r  t h r o u g h  which t h e  ' 2 ,  
t h a t  r a t i s f i e s  a n  e q u a t i o n  o f  t h e  second o r d e r ,  i .s  c o m p l e t e l y  
d e f i n e d .  . .  . .  . .  " j j .  , . .  : ' I  . . .  . . .. ... .:.:. :. .' . 

Th.e .boundary p o i n t  TjE i t s e l f  t h e n  f a l l o w s  from t h e  
. .  . c ondi t i on 

. .  . .  
u = 0; tha t  i s ,  E '  = 2 = 0 ( 1 6 )  

. , i. .- A' . .  
f o r  t h e  boundary nr.  

I n t e g r a t i o n  of e q u a t i o n  (14)  g i v e s  ., 

. .  . 

The c o n s t a n t  o f  i n t e g r a t i o n  C f o l l o w s  from t h e  c o n d i t i o n  
Z I  = 2 = f o r  71 = 0: 

The c o n d i t i o n  ( 1 6 )  2 = 0 f o r  nr. # . y i e l d s  

* . e . .  . .  . * - .  . .  I .  

Cornp1iance:'kit'h e.qua.ti'o*' (15) ' i s  p r e d i c h t e a '  o'n a s t a d j . . o f  t h e ;  
behav io r  o f  e q u a t i o n  ( 1 4 )  f o r  11 = 0 ,  2 = co, A s  t h e  solu-,  ..I*. 
t i o n .  (17) i n  t h i s  range i s  i n c o n v e n i e n t ,  a new form o f  solu- 
t i o n  which a p p l i e s  for T'i = . . O ;  2 = &'-is d e r i v e d .  

For . 2 +QD, o b v i o u s l y  
. ? . I . . . .  , :. ... . 

. .  . 1: , . .  . , > .\ . C *  . . 
. 't . . ; : . : >  .. 

.. F ... ... - . . 
hence . . 1 .  

f o ' r .  7 = 0. 
2 -  

2 .*'In + c L ,  ! '80 khat ' "  F'' =' z'' 6' = e C 1 ;  
' *  . ' .  I 

' I .  
I .  * . .. , 

Thus t h e  l a s t  c o n s t a n t  o f  i n t e g r a t i o n  f o l l o w 8  from e q u a t i o n  
' *  



9 '  

(15b)  a s  c1 = 0; and t h e  lasymptot ic  a p p r o x % m a t i o n . E o r .  . ' 

n.= 0 .  f .ql lows a t  .......... .... 

*I 

!!!he q u a l i t y  of  t h e  a s y m p t o t i c  approx ima t ion  ( 1 8 )  i s  e a s i l y  ap- 
p r a i s e d  by a comparieon wi th  t h e  e x a c t  e o l u t i o n  (17)  in a 
zone i n  which b o t h  f o r m s  o f  s o l u t i o n  a r e  a p p r o p r i a t e .  

The method I s  as  fo l lows :  Compute Q ( . Z )  and hence  
Z(q) = z l ( q )  by e q u a t i o n  (17 ) .  t h u s  o b t a i n i n g  z( 'Q),  poss i -  
b l y  by g r a p h i c a l  Z n t e g r a t i o n ,  wh'ere in t h e  r e g i o n  about  7 * 0, 
t h e  p r e v i o u s l y  de t e rmined  a s y m p t o t i c  approx ima t ion  ( 1 8 )  i a .  
takeu i n t o  account  a n d .  SI  a 03. Then t h e  d e s i r e d  f u n c t i o n s  
F = e '  an3 F' = z l e z  are  b b t a i n e d , b y  removal  o f  l o g a r i t h m s  
and mult i p l i c a t  i on. 

. . . .  

T4e so ; lu t loq  3' = c o n s t a n t  j o i n s  t h e  J u s t , d e r i v e a  solu:.. 
t i o n  w i t h i g , a i k c b $ t i n u i t y  i n  F*' toward  t h e ' o u t s i d e .  In . tbe . .  
c e n t e r ' ( ' ' Q ' = ' ' 9 ) , . . F r  . a c t . s  as 1 = 0 . 4  T ) ' I 2 ,  w h l c h ' . e n t a i l s  a" 
d i s a p p e a r a n c e  o f  ' t h e  r a d i u s  o f  c u r v a t u r e . *  ' F o r  comparison 
w i t h  e x p e r i e n c e ,  i t  i s  n e c e s s a r y  t o  r e v e r t  f r o m  t h e  r educed  
t o  t.he o r i g i n a l  q u a n t i t i e s  aa ehown in t h e  t a b l e .  The conver -  
s i o h ' f a c t o r  f o r  'ti i e  v w ;  €'he - l e t t e r  8 ,  i n  t h e  t a b l e ,  
s i g n i f i e s  a c h a r a c t e r i s t i c  d i s t a n c e  from t h e  gap ,  where t h e  
speed , , i n  t h e  c e n t e r  o f  t h e  J e t  equals  Us, Ac,cording t o  ;(l3a) 
t h e 5 & e e d . a t  j i t  center"$i .s tas t  x from t h e  , g a , p , i s  t h e n  . . . . . .  

(See  t a b l e . )  . . . . .  ;. . . . . .  ..: 
3. JET EXPANSIOB AS ROTATIONAI&Y SYMMETRICAL PBOBLBM - .  

The c o r r e s p o n d i n g  r o t a t i o n a l l y  symmetr ica l  'problem, i n  
which a j e t  of a i r  discharges, f r o m  a v e r y  narrow h o l e  i n  a 
w a l l ,  is t r e a t e d  in e x a c t l y  t h e  B a m e  manner a s  t h e  two-  

* P r a n d t l  h a e  g i v e n  a r e f i p e m e n t  o f  t h e  t h e y r y  by w h i c h .  
t*e" & i s a p p e a r a n c e  of  t h e  raifihs- of c u r v a t u r e  i'n t h e  ' c en te r  
can be a v o i d e d ,  But, s i n c e  i t  would lead t o o  far a f i - e l d ,  i t  
i s  not  d i s c u s s e d  h e r e .  
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d imens iona l  problem;  .P&rFitt,.t:$i.trie var&a:'trle's: x :"and ll a r e  * - 
e a s i l y  s q p a r a t e d  a g a i n .  For, on assuming t h a t  t h e  p r e s s u ' r e  
in t h e  j e t  i s  c o n s t a n t ,  

The d i f f e r e n t i a l  e q u a t i o n  f o r .  P i s  again o b g a i n e d  by i n t e -  
g r a t i o n  o f  t h e  equ 'a t ion  of motion o r  by a second epp$. ica t ion  
o f  t h e  impu l se  theorem in analogy t o  f i g u r e  6: . .  . ... 

. .  , .. .' . 

. I  * I  

. .  
With t h e  . I n t r o d u c t i o n  o f  a s u i t a b l ' e , . s , c a l e  f o r  Q, ' t h e  . . .  : .  

d i f f e r e n t i a l  e q u a t i o n  i s  s i m p l i f i e d  ' t o  ' '  . 

By s u b s t i t u t i o n :  
.. . . z = l n F ,  3 ' - e  2 

. . . . . . . t h e r e  i s  a f f o r d e d  ., , . :: 

a '+ z '  ' - ") = e '  
, . tl 

..- . ... . 
. .  :. .. r 

and l a s t l y ,  afte 'r  i n t r D d u c i n g  2 = z l ,  . .  ths .. . d i f f e r e n t i a l  e.qua- 
* t i o n  .of'  t h e  f i r s t  'Qrd8r. . .. . -  



. . .  . .  . . .  
. . . . . . .  * ' Z L  t - 2 1  -f i ...... 

.:.f. :fl - , *. . . . . .  - . .  _ ...... .-, :, ._ ..-_ - ..... . .  . . . . . . . .  

In a d d i t i o n ,  the. f o l l o w i n g  co .ndi t lons  h o l d  f o r  17 = O D  
-v:= 0 ;  u '  miy n o t  d i sappea r , ,wh i l e  t h a t  i d ,  ,;:3'(O) =. e z ( O j = O ,  

a: .:, 

by a p p r ' o p r i a t e  r e g u l a r i z a t i o n .  . .  

Now a s e r i e s  development o f  Z(V) for 'Q = 0 can be 
a p p x i e d  in such a way that .  t h e s e  condLt ions  a r e  s a t i s f i e d ;  t 
must be n e g a t i v e  CZI f o r  3 = 0, . i n  o r d e r  ' t h a t  e z  = 0, 
which is' l i - k e  .In q a ;  because  'F!/T; t h e n  assumes  p r & c i s e l y  
a f i n i t e  vaYu . '  The r e s u l t  . i s  t h e  f o l l o w i n g  development i n  . . .  
powers of' q3?;:. . .  

. . .  . .  

The c o e f f i c i e n t s  a r e  . ob ta ined  by introduct- ion o f  th.i.e fB.riulxhI. 
i n  t h e  d i f f e r e n t i a l  e q u a t i o n  and-. comparisqn1.of.  equal-  powers:: : I '  . . . .  , .  

- 1  A&, d =  37 e = 0.000014 . . .  240100' 
c 

a 5 - 142.. b = -. ,-, c = 
. . ,245 1715 . .  7 .  . .  

. . . . . . .  _. .. . .  
The convergence i s  poor  on appr,oaxhing t h e  boundary p o i n t  

qr(Z=O) , but  a development p a r t i c u l a r l y  s u i t a b l e  n e a r  qr i s  
as follows: Put . . . . . . . . . . . .  . . .  . , .  ? - 

T = l l r - n  
. . .  . . . . .  and .. F '  

z = s 5 1 " + a ' i i 3 + ~ ' i i 4 + ; i ~ 5 + ~ ? j = + T ~ 7 .  . .  
. . . . .  * .  ., i .1:  ..e . ' . . . . . .  

and o b t a i n  
. .  

.I . . .  .J . . . . . .  . -. : i . . c . .  , 



The'unknown c o n s t a n t  of 1 n t . e g r a t i d n :  T)r i s  o b t a i n e d  by making 
t h e  v a l u e s  f o r  2 ,  as  known.fron t h e  two developments ,  a g r e e  
i n  a c e r t a i n  j u n c t i o n  p o i n t .  I t  r e s u l t s  in nr = 3 .4 .  

.. . . .  . . I ,  

I!: .  . .  '., 1 ' . .. 
Q u a n t i t y : ; P ' / t l .  a c t s . l i k . 8  1 b' ,0.202 n3/' . i p '  t h e  c e n t e r ;  

t h e  outward j u n c t i o n  i n  3' again t a k e s  p l a c e  w i t h  a d i s c o n -  
. t i n u i t y  i n  -Tu'. The .conversion. f & c t o r  f r o m  the':t.ii$uced t o  t h e .  
a c t u a l  q u a n t i t y  7 i e  G; I s i g n i f i e s  i n  t h i .  t a b l e  a char -  
a c t e r i s t i c  d i s t a n c e  f r o m  t h e  d i s c h a r g e . - h o l e  f o r :  which t h e  
speed in t h e  c e n t e r  of t h e  j e t  i s  U,. 

data.:.  ( S e e  r e f e r e n c e  2.1 The d i ame te r  o f  t h e  d i s c h a r g e  no$- 
& l e  was 137 m i l l i m e t e r s .  The v e l o c i t y  d i s t r l i b u t i o n s  a t  100. :  
c e n t i n e t e r s  and 150  c e n t i m e t e r 8  d i b t a n c e  f r o m  t h e .  nozz le .b .dge  .. 
were used  f o r  t h e  c o m p a r i s o n .  T h i s  nozz le  distan'ce. '  a . .  may .-.: 
not  be p u t  e q u a l  t o  x ,  in view of  t h e  p o i n t  d i s c h a r g e  o r i -  
f i c e  assumed i n  t h e , p r e s e n t  c a l c u l a t i o n ;  x 2 s  r a t h e r  com- 
pu ted  from' a by a d d i t i o n  of a c o n s t a n t  q u a n t i t y  e . which 
r e s u l t s  - for example - f r o m  t h e  fac t  t h a t  f o r  g r e a t e r  a, 
fo l !  which the . .  cornparteon w i t h  t h e s e  c a l c u l a t i o n s  i s  solely 
p e r m i s s i b l e ;  t h e  c e n t r a l  v e l o c i t y  d e c r e a s e s  a s  l /x . .  In t h e  
p r e s e n t  case' e = 26 c e n t i m e t e r s .  F igu re  13 shows t h e  t h e o r e t -  
i c a l  and t h e  e x p e r i m e n t a l  dynamic p r e s e u r e  f o r  a = 100 c e n t i -  
me te r s ,  i t  amounts t o  104 k i l o g r a m s  p e r  squa re  meter  a t  t h e  
d i s c h a r g e  o r i f i c e ;  t h e  agreemen41 o f  t h e  ave rage  v a l u e s  is good, 
a s i d e  f r o m  a c e r t a i n  asymmetry o f  t h e  j e t  which must have had 
d i f f e r e n t  reasons.  From t h e  conve r s ion  f a c t o r  f o r  sl f o l l o w s  

. .. . .  
The computed v e l o c i t i e s  were compared w i t h  G z t t i n g e n  t e e t  

= 0.063 

The r a d i u s  r o f  t h e  j e t  i s  

r ='D 3 . 4  x = 0 .063  X ' 3 . 4  x = 0.214 x . .  

The mixing d i s t a n c e  1 is = cx  = 0.0158 x = 0.0729 r .  

Z f m m  ( r e f e r e n c e  3) has made co r re spond ing  e x p e r i m e n t a l  
i n v e s t i g a t i o n s  a t  c o n s i d e r a b l y  lower sge,ed:. His f i n d i n g s  
would y i e l d  

= 0 .080  

w i t h  a dynamic p r e s s u r e  of  5.1 k i l o g r a i s ' p e r  squa re  meter  i n  
t h e  d i s c h a r g e  o r i f i c e .  According t o  i t ,  a s l i g h t  i n c r e a s e  in 
mixing p a t h  by d e c r e a s i n g  Reynolds number i s  l i k e l y .  

I 
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4 .  PREDICTIOB OR' PBESSURIO DIFFPBENCE 
-> -_ . 

So f a r ,  a l l  c a s e s  had been premised on c o n s t a n t  p r e s s u r e .  
T h i s  f i r s t  approx ima t ion  can be Improved by a n a l y s i s  o f  t h e  
p r e s s u r e  d i f f e r e n c e s  due t o  impulse v a r i a t i o n  on t h e  baa is  o f  
t h e  computed speeds  and s t r e s s e e .  For t h e  f i r s t  s t e p ,  s t a r t ,  
sny ,  w i t h  t h e  second equa t ion  of  m o t i o n ,  which i n  t h e  f i r s t  
t w o  cases.  r e a d 8  

in t h e  r o t z t i o n a l l y  symmetr ical  ca se ;  cry and  at a r e  nor-  
mal s t r e s s e s ,  r e s p e c t i v e l y  e f f e c t i v e  in g d i r e c t i o n  o r  a t  
r i g h t  angles t o  y and x .  Then, i n t e g r a t e  w i t h  r e s p e c t  t o  

Y Y 

0 0 
and 

which is e q u i v a l e n t  t o  a p p l y i n g  t h e  impu l se  theorem. I f ,  as 
h e r e t o f o r e ,  t h e  normal s t ress ,  i n  t h i s  c a s e  07 and at,  
are d i s c o u n t e d ,  t h e r e  is o b t a i n e d  

f o r  t h e  f r e e  J e t  boundary,  . 
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and . . .. 

for a x i a l l y  symmetri.ca1 , j e t .  exp.ansion. With P r  d e n o t i n g  t h e  
pressure a t  t h e  j e t  bduhdary;” ‘Pm t h e  p r e s s u r e  k t  j e t  c e n t e r  
and o f  the homogeneous a i r  s t ream,  r e s p e c t i v e l y ,  p s r t i c u l a r i -  
‘ za t ion  o f  t h e  above f o r m u l a s  yields 

and 

Q u a n t i t y  U i n d i c a t e 6  t h e  speed of  the  homogeneoue a i r  rrtream, 
and Um(x) t h e  c e n t r a l  speed a t  x .  In t h e  f i r s t  and  t h i r d  
c a s e ,  c has been de te rmined ,  giving 

= 0.00584 
Pm - P r  2 

and 1 

2 . .  

I t  i s  a p p a r e n t a t h a t  t h e  ‘thu6 computed pressure d i f f e r e n c e p .  - . 
baing small, d o  no t  cause a s u b s t a n t i a l  m o d i f i c a t i o n  of .  t h e  
v e l o c i t i e s .  . .  

When computing t h e  p r e s s u r e  d i f f e r e n c e  w i t h  r e s p e c t  t o  
s t i l l  air, i t  ‘should be bo r im In mind t ha t  a t  t h e  Jet boundary 
a n e g a t i v e  p r e s b u r e  equal t o  t h e  dynamic pressure o f  the ra-. 
d i a l  i n f l o w  speed p r e v a i l s .  W i t h -  PO a s  t h e  p r e s s u r e  i n  s t i l l  
a i r  ”. ’* . .  

I 



u a  
2 

p. U a = 0.00482 . .. 

Hence t h e r e  i s  p o s i t i v e  Dressure  w i t h i n  t h e  J e t  I n  t h e  two- 
d imens iona l  c a s e s ,  but  ne.gat3v.e . p r e s s u r e  i n  t h e  a x i a l l y  sym- 
m e t r i c a l  case.  T h i s  s u r p r i s i n g  r e s u l t , w h i c h  also i s  at v a r i -  
ance  w i t h  a rough impulse c o n s i d e r a t i o n ,  p o i n t s  t o  a d e f e c t  i n  
t h e  t h e o r y .  The n e c e s s a r y  e x t e n s i o n  w i l l  be g i v e n  i n  t h e  f o l -  
1 owing .  

5,. EXTENDED TREOBBM FOR THE APPARENT STRESSES . .  . . .  . . .  

I 
The theorem a p p l i e d  up t o  now t o  t h e  s t r e s s e s  i n t r o d u c e d  

by t h e  tur .bu lep$  ., . . impulse  exchange 

.. ' , . . :I . . J  . :  
i s  no more t h a n  a f i r s t  app rox ima t ion .  In any c a s e ,  i t . . g p . : b e  
e a s i l y  p roved  t h a t  au/ay in t h e  c a s e s  i n  p o i n t  i s  g r e a t  w i t h  

r e s p e c t  t o  a,. d?L and &, . - .hence  the theorem f o r  t h e  mix- 
' a? I ax aY 

caused  by t h e  speed  d i f f e r e n c e  is good. 
.'I : 

theorem, t h e  

. .  : *  ; ,,:: .L:..): . ' . .  , r. i .. . .  .. . I  . . .. .. . I .  . 

. .  

, ..: 
..,. . : :  ? ... . ... . -1 . :. , .. :, , . .., -1 -.. . : . '# . .. f., , I! * I ': .I . ,*.-.:. 

3 (on= a f f i n o r  of v; pv i s . t . h & c o n j u g a t e  a f f i n o r . ) . " '  ' 
~ ___ 

% T h i s  r e l a t i o n  is impor tan t  for t h e  c a l i b r a t i o n  of p i t o t  
t u b e s  i n  a j e t  d i s c h a r g i n g  from a n o z z l e .  

4 

1 
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The s t r e s s e s  to:be, n.ewly added h e r e ,  ar ,e ,  , i n  . g e n e r a l ,  n e g l e c t e d ,  
. .  . . .. . . .I .. . . : . . 3 . .  - c 

except  cy = 2 4 3 ~  1.E and ut = 2 i a  pi f which are u s e d  
.. as aY 

f o r  c a l c u l a t i n g  t h e  p r e s s u r e  d i ' f f e r e n c e s .  
in t h e  model problem worked out  f o r  t h e  two-dimensional  c a s e  
because of  t h e  employed boundar i ae ,  but n o t  f o r  t h e  a x i a l l y  
symmetrical. c a s e .  Here t h e  pressure d i f f e r e n c e s  a r e  augmented 
by t h e  i n t e g r a l  * 

Thia  port ibhr:&ancels  

Y 

f ay ; 9t d Y  
0 

.; . . .  
. : r  . .  

8 0  t h a t  

and 
a 2/3 p U m  a (x) = 0.00075 p um2('x) - p o  = 0 . 0 9 5 ( ~  ) Pm 

. >  2 

t h a t  I s ,  p o s i t i v e  p r e s s u r e  with' in t h e  j e t ,  as i n  t h e  o t h e r  
c a s e s .  

Translation by J .  V a n i e r ,  
N a t i o n a l  Advisory  Committee. 
f o r  A e r o n a u t i c s .  

. .. .. .. 
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dimensional problem, Jet expansion as rotationally symmetrical problem, prediction 
of pressure differences, and extended theorem for apparent stresses. 
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